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Abstract
Perturbative corrections to N = 12 supersymmetric U(N) gauge theory at
one-loop order are studied. It is shown that whereas the quantum corrections
to N = 1 sector of the theory are not affected by the C-deformation, the
non(anti)commutativity parameter C receives one-loop perturbative correc-
tions. These perturbative corrections are computed by performing an explicit
one-loop calculation of the three and four-point functions of the theory. The
running of the non(anti)commutativity parameter C is also studied using an
appropriate Callan-Symanzik equation.
1alishah@theory.ipm.ac.ir
2ahmad@theory.ipm.ac.ir
3sadooghi@theory.ipm.ac.ir
1 Introduction
In the past few years noncommutative field theories have been studied extensively,
mainly due to their realization in the string theory [1]. To be more precise, by
wrapping the branes with non-zero constant background Bµν field the corresponding
low energy effective gauge theory is deformed to a noncommutative supersymmetric
gauge theory in such a way that those (bosonic) directions in which the Bµν field
is defined become noncommutative. The noncommutativity parameter can then be
given in terms of the finite Bµν background field [2]-[6].
Recently it has been shown that noncommutative superspace is also realized in
the string theory by turning on a constant graviphoton field strength F αβ [7, 8, 9],
which now changes the anticommutation relation between Grassmanian (fermionic)
variables of the superspace. This deformation is in such a way that the anticom-
muting coordinates θ form a Clifford algebra [10]-[19]
{θα, θβ} = 2α′2F αβ = Cαβ. (1)
Starting from an N = 1 supersymmetric gauge theory, the half of the supersym-
metry is therefore broken by this deformation and we are left with an N = 1/2
supersymmetric gauge theory [9]. Note that since the anticommutation relation of
θ¯ remains undeformed, θ¯ is not the complex conjugate of θ and this is only possible
in the Euclidean space R4, where the ordinary space-time coordinates xµ turn out
to be noncommutative. In fact one has4
[xµ, θα] = iCαβσµβα˙θ¯
α˙, [xµ, xν ] = θ¯θ¯Cµν , (2)
where Cµν = Cαβǫβγσ
µν γ
α . The chiral coordinates y
µ = xµ+ iθασµαα˙θ¯
α˙, however, can
be taken to be commutative
[yµ, yν] = [yµ, θα] = [yµ, θ¯α˙] = 0 . (3)
One of the consequences of the non(anti)commutation relation (1) in the superspace
is that the products of superfields as functions of θ are now to be ordered. This can
be imposed by a novel ∗-product defined by
f(θ) ∗ g(θ) = f(θ)e−C
αβ
2
←
∂ α
→
∂ βg(θ) . (4)
Replacing all the ordinary products with the above ∗-product, one may proceed
by studying a supersymmetric field theory in this non(anti)commuting superspace,
taking into account that this deformed supersymmetry algebra admits well-defined
representations. Namely, one can define chiral and vector superfields much similar
to the ordinary N = 1 supersymmetry [9]. For example, the vector multiplet in
Wess-Zumino gauge is given by [9]
4The noncommutativity of the x space due to the RR fields is also studied in [20].
1
V (y, θ, θ¯) = −θσµθ¯Aµ + iθθθ¯λ¯− iθ¯θ¯θα
(
λα +
1
4
ǫαβC
βγσµγγ˙{λ¯γ˙, Aµ}
)
+
1
2
θθθ¯θ¯ (D − i∂µAµ) . (5)
One can also define the corresponding superfield strength tensor Wα and thereby
give
∫
d2θ Tr W ∗W =
∫
d2θ Tr WW (C = 0)− iCµνTr (Fµν λ¯λ¯) + |C|
2
4
Tr (λ¯λ¯)2
∫
d2θ¯ Tr W¯ ∗ W¯ =
∫
d2θ Tr W¯ W¯ (C = 0)− iCµνTr (Fµν λ¯λ¯) + |C|
2
4
Tr (λ¯λ¯)2
+total derivative , (6)
which can be used to define the Lagrangian of N = 1/2 supersymmetric U(N) gauge
theory.
Recently various field theoretical aspects of the non(anti)commuting superspace
have been studied in [21]- [37]. In particular, the renormalizability of non(anti)-
commutative gauge theory with N = 1/2 supersymmetry has been studied in [32].
Using an explicit dimensional analysis, the authors in [32] show that this theory is
renormalizable to all order of perturbation theory.
In this paper, an explicit one-loop perturbative calculation of N = 1/2 super-
symmetric U(N) gauge theory is performed. It is shown that whereas the quantum
corrections to N = 1 sector remain unaffected by the C-deformation, the non-
(anti)commutativity parameter C itself receives one-loop quantum corrections. An
explicit one-loop calculation of the three and four-point functions of the theory in
the C-deformed sector is carried out to calculate these corrections explicitly. In Sec-
tion 2, after giving the full action of the theory including the pure gauge part, the
gauge fixing and the ghost parts, the Feynman rules for propagators and vertices
are presented. Using these Feynman rules an explicit one-loop calculation of the
undeformed N = 1 sector and the C-deformed sector of the theory is performed in
Section 3. We have shown that the corresponding renormalization constant ZC is
always given by the inverse renormalization constant Zg which corresponds to the
coupling constant g of the theory. To find the one-loop correction to C2 and to
check the relation ZC2 = Z
2
C , suggested first in [32], an explicit one-loop calculation
of the λ¯ four-point function of the theory is performed in Section 4. In Section 5,
we derive an appropriate Callan-Symanzik differential equation for the renormalized
three-point function ΓAλ¯λ¯. The running of the non(anti)commutativity parameter
C with the RG-scale µ is then calculated explicitly by solving the corresponding
Callan-Symanzik γC-function for C. We have shown that the product of C(µ)g(µ)
is an RG-invariant. Here g(µ) is the standard running coupling constant of the
ordinary U(N) theory. The last section is devoted to conclusion.
2
The following conventions are used in this paper. For U(N) elements we use
capital indices while for SU(N) elements small indices are used so that
Tr(tAtB) =
1
2
δAB, [tA, tB] = ifABCtC , {tA, tB} = dABCtC . (7)
In this notation we have t0 = 1√
2N
, d0AB =
√
2
N
δAB . We further use [38, 39]
f IAJfJBKfKCI = −N
2
fABC , dIAJfJBKfKCI = −N
2
dABCdAfBfC , (8)
and
f IAJfJBKdKCLdLDI =
1
2
fAfB
[
fCfD
(
δACδBD − δABδCD + δADδBC
)
+
N
4
dCdD
(
fABXfCDX − fADXfBCX − dABXdCDX − dADXdBCX
) ]
(9)
where fA = 1− δ0A, dA = 2− fA. Note also that f iajf jbi = −Nδab.
2 N = 12, U(N) SYM theory; Feynman Rules
Following our notation from the previous section, the classical action for N = 1
2
supersymmetric U(N) gauge theory is given by 5
Sgauge =
∫
d4x Tr
[
−1
2
F µνFµν−2iλ¯σ¯µDµλ+D2+2igCµνFµν λ¯λ¯+g2|C|2(λ¯λ¯)2
]
, (10)
with
FAµν = ∂µA
A
ν − ∂νAAµ + gfABCABµACν ,
DµλA = ∂µλA + gfABCABµ λC . (11)
In the superspace formalism the gauge fixing action is given by
SGF = − 1
4ξ
∫
d4θ Tr(D2V ∗ D¯2V ) , (12)
that in terms of the components of the vector superfield reads
SGF = −1
ξ
Tr
(
D2 + (∂µA
µ)2 − 2iλ¯σ¯µ∂µλ + i
2
gCµν∂[µAν](λ¯λ¯)
)
. (13)
5In comparison with [9] we have rescaled the components of V by −2g.
3
Together with the gauge invariant action (10), we have
Sgauge + SGF =
=
∫
d4x Tr
[
− 1
2
F µνFµν − 1
ξ
(∂µA
µ)2 + (1− 1
ξ
)D2 − 2iλ¯σ¯µ(Dµ − 1
ξ
∂µ)λ
+2igCµν(Fµν − 1
4ξ
∂[µAν])λ¯λ¯+ g
2|C|2(λ¯λ¯)2
]
. (14)
This action can be used to read the Feynman rules. In the super-Fermi-Feynman
gauge, ξ = 1, the Feynman rules are given by
p
λ¯Aα˙ λ
B
α
− δ
ABσµαα˙pµ
p2
, (15)
k
AAµ A
B
ν
− ηµνδ
AB
k2
, (16)
ABµ
λαC λ¯α˙A
ig fABC σ¯µ α˙α , (17)
ACν , k
λ¯Bβ˙ λ¯Aα˙
− 3
2
gCµνkµǫ
α˙β˙dABC , (18)
AAµ , k
ABν , p A
C
ρ , q
igfABC
(
ηµν(k − p)ρ + ηνρ(p− q)µ + ηρµ(q − k)ν
)
, (19)
λ¯α˙A λ¯β˙B
ACµ A
D
ν
2ig2Cµνǫα˙β˙dABLfLCD, (20)
λ¯α˙A λ¯δ˙D
λ¯β˙B λ¯γ˙C
g2|C|2
(
ǫα˙β˙ǫγ˙δ˙dABMdMCD − ǫα˙γ˙ǫβ˙δ˙dACMdMBD
+ǫα˙δ˙ǫβ˙γ˙dADMdMBC
)
. (21)
Further, the ghost field action in the superfield formalism is given by
Sghost = 2 Tr
∫
d4θ (C′ + C¯′)L−gV
[
(C + C¯) + coth(L−gV ) (C − C¯)
]
, (22)
4
where LXY = [X, Y ] and all products are understood as star-product. We use the
following notations for the components of the ghost superfields
C = c+
√
2θζ + θθF, C′ = b+
√
2θη + θθF ′
C¯ = c¯+√2θ¯ζ¯ − 2iθσµθ¯∂µc¯+ θθ(F¯ + i
√
2θσµ∂µζ¯ + θθ∂
2c¯),
C¯′ = b¯+
√
2θ¯η¯ − 2iθσµθ¯∂µb¯+ θθ(F¯ ′ + i
√
2θσµ∂µη¯ + θθ∂
2b¯). (23)
After integrating out the auxiliary field, the quadratic (kinetic) term of the ghost
action reads
2 Tr
∫
d4θ (C¯′C − C′C¯) = −2 Tr (c∂2b¯+ b∂2c¯ + iζσµ∂µη¯ + iησµ∂µζ¯) . (24)
The interaction terms of the ghost action have two different parts. The first one
arises from those terms including one vector superfield
−2g Tr
∫
d4θ(C′ + C¯′)[V, C + C¯] = gfABC
[ (
∂µb¯AcB + ∂µc¯AbB
)
ACµ − b¯Ac¯B∂µACµ
]
+
(
i
2
ζAσµη¯B +
i
2
ηAσµζ¯B
)
ACµ +
√
2
2
gfABC
(
(b+ b¯)AζαB + (c+ c¯)AηαB
)
fCα
−
√
2
2
gfABC
(
(b+ b¯)Aζ¯Bα˙ + (c+ c¯)
Aη¯Bα˙
)
λ¯α˙C
+
√
2
2
gdABCσµαα˙C
αβ
(
∂µb¯
AζBβ + ∂µc¯
AηBβ
)
λ¯α˙C , (25)
where fCα = λ
C
α − g2ǫαβCβγσµγγ˙dCDEλ¯γ˙DAEµ . Further, for our purpose, the relevant
terms of the second part of the ghost action, including two vector superfields read
2
3
g2 Tr
∫
d4θ(C′ + C¯′)[ V, [V, C − C¯] ] = 2
3
g2 Tr
[
− i
√
2
4
(b+ b¯){F1α, ζα}
+i
√
2
4
ηα[F
α
1 , (c− c¯)]− ηα{B1, ζα}+
|C|2
4
ηαλ¯α˙ζ
αλ¯α˙
+
i
√
2
2
Cαβσµαα˙
(
(b+ b¯)(Aµζβλ¯
α˙ − λ¯α˙ζβAµ)
+ηβAµ(c− c¯)λ¯α˙ + ηβλ¯α˙(c− c¯)Aµ
)
+ · · ·
]
, (26)
with
B1 = −1
8
|C|2λλ, and F α1 = Cαβσµβα˙[Aµ, λ¯α˙]. (27)
Using the kinetic part of the ghost action (24) the propagators read
k
bA, cA c¯B, b¯B
− δ
AB
k2
, (28)
5
kζ¯Bα˙ , η¯
B
α˙η
A
α , ζ
A
α
− δ
ABσ¯µ α˙αkµ
k2
, (29)
The relevant vertices can be read from the interaction parts of the action (25) and
(26)
ABµ
k, c¯C bA
igfABCkµ, (30)
ABµ
cC b¯A, k
igfABCkµ, (31)
ABµ
ζCα η¯
A
α˙
− i
2
gfABCσµαα˙, (32)
ABµ
ζ¯Cα˙ η
A
α
i
2
gfABCσµαα˙, (33)
λBβ
ΨCα AA
−
√
2
2
gfABCǫαβ , (34)
λ¯B
β˙
Ψ¯Cα˙ AA
−
√
2
2
gfABCǫα˙β˙, (35)
λ¯Bα˙
ΦCγ B
A, k
− i
√
2
2
gdABCCαβǫβγσ
µ
αα˙kµ, (36)
AA ΨBα
ACµ λ¯
D
γ˙
√
2
2
g2ǫαβC
βγσµγγ˙ × (−3fABLdLCD + fACLdLBD
+fBDLdLAC + fCDLdLAD), (37)
6
ζAα η
B
β
λ¯Cα˙ λ¯
D
β˙
− 1
24
g3|C|2ǫαβǫα˙β˙
{
− ifACMdBDM + ifBCMdADM
− ifADMdBCM + ifBDMdACM
− dADMdBCM + dBCMdADM
}
, (38)
where Aa = (b, c, b¯, c¯)a, Ψcα = (ζ, η, ζ, η)
c
α and B
a = (c¯, b¯)a, Φcα = (η, ζ)
c
α.
3 One-loop Perturbative Corrections
In this section, we will calculate the one-loop perturbative corrections to the un-
deformed N = 1 part and the C-deformed part of the theory separately. Due to
the additional vertices more diagrams are to be considered comparing to the or-
dinary N = 1 supersymmetric U(N). However, the tadpole diagrams from both
undeformed and C-deformed sectors vanish identically due to the antisymmetry
properties of fabc and Cµν . We will show that the quantum corrections of N = 1
part of the theory are not affected by C-deformation, whereas C receives one-loop
perturbative corrections.
3.1 N = 1 Sector
In this sector, the standard field theory results for one-loop perturbative correc-
tions to N = 1 supersymmetric U(N) gauge theory can be used (for example see
[40]). Evaluating in particular the vertex function of the theory using D-dimensional
regularization, the renormalization constant Z1 is given by
Z1 = ZAλ¯λ = 1−
Ng2
16π2
2
ǫ
. (39)
Further evaluating the self energy and the vacuum polarization tensor, the wave
function renormalization constant Zi, i = 2, 3 for λ
a, λ¯a and Aaµ can be determined
and read
Z2 = Z
λλ¯ = 1− Ng
2
16π2
2
ǫ
,
Z3 = Z
AA = 1 +
3Ng2
16π2
2
ǫ
. (40)
Here ǫ = 4−D is the regulator. Combining the above renormalization constants in
the standard way, the gauge coupling renormalization constant Zg can be determined
which is
Zg =
Z1
Z2 Z
1/2
3
= 1− 3
2
Ng2
16π2
2
ǫ
. (41)
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Using now the relation g0 = gµ
ǫ/2Zg and the fact that the bare coupling constant
g0 does not depend on the renormalization scale µ,
d
dµ
g0 = 0, the β function of the
theory can be obtained as
β(g(µ)) ≡ µ∂g(µ)
∂µ
= −3Ng
3
16π2
. (42)
Solving this differential equation for the running coupling we arrive at
g2(µ) =
g2(µ0)
3Ng2(µ0)
8π2
ln µ
µ0
+ 1
, (43)
where µ0 is a fixed energy.
3.2 C-Deformed Sector
The non(anti)commutativity parameter Cµν appears in two different terms of the
C-deformed part of the action. In the first term including the three fields interaction
Aµλ¯λ¯, it appears as a rank two tensor contracted with Fµν and in the second term
containing a four λ¯ interaction, it appears as a determinant. In the following sub-
section we will study the one-loop perturbative corrections corresponding to both
terms separately.
3.2.1 One-loop Correction to C; Aµλ¯λ¯ Three-Point Function
In this section, we will study in detail those one loop graphs including only one new
vertex arising from the C-deformed part of the action. Starting with the two point
function λ¯λ¯, the only possible diagram is the self-energy diagram from figure 1, with
internal gluon and ghost fields. Using the Feynman rules given in (16)-(21), one
finds
ΓAB
α˙β˙
∼ ig dALCfBLC Cξµ ǫα˙δ˙ σρ
γδ˙
σ¯β˙γµ
∫ d4k
(2π)4
kρ(p− k)ξ
k2(p− k)2 = 0 , (44)
as expected. Here we have used the relation Cξµσ¯ β˙γµ σ
ρ
γδ˙
= −Cξρδβ˙
δ˙
and the anti-
symmetry property of Cσρ. Similarly one can also evaluate the two point function
with ghost field in the loop. But, such a self energy diagram vanishes too, due to
the same symmetry properties of Cµν as above. Hence the two-point function λ¯λ¯
do not receive any perturbative correction at one-loop order. Therefore the theory
survives this first check of its renormalizability, at least at one-loop order.
The next step would be to consider the C-deformed Aλ¯λ¯ three-point function of
the theory. Evaluating these three-point functions could indicate whether C receives
any one-loop correction or not. All the relevant diagrams, containing only matter
fields, are depicted in figure 2.
8
Explicit calculation shows that the graphs (b,c,d), figure 2, vanish identically
taking into account the corresponding diagrams with crossed external legs. Equiva-
lently, we can consider two different diagrams for each of the graphs b,c, and d, and
move within the loop first in the clockwise direction and then in the counterclock-
wise direction. After our convention for the Feynman rule (18), moving from Aµ to
λ¯α˙ and then to λ¯β˙ picks a plus sign and moving in the other direction, i.e. from Aµ
to λ¯β˙ and then to λ¯α˙, a minus sign. Adding both contributions one can show that
the diagrams (b,c), and (d) of figure 2 vanish. We are therefore left with diagram
(a) from figure 2. To evaluate this graph we consider three inequivalent situations
depending on the position of the new C-deformed vertex in the graph. Let us label
the vertices of the graph with (1,2,3) as shown in figure 3. Let us also indicate
the position of the new vertex with an index ”c” on the label of the vertices. We
will find therefore three different situations corresponding to (1c, 2, 3), (1, 2c, 3) and
(1, 2, 3c).
Using the Feynman rules (16)-(21) one can proceed to evaluate these graphs. As
a sample calculation let us compute the graph corresponding to (1c, 2, 3)
ΓABC,α˙β˙,µ(a) = −2×
1
3
× 3
2
g3f ICJdJAKfKBICρνǫα˙γ˙σ¯µ δ˙γσλγγ˙ σ¯
ν β˙δσκ
δδ˙∫ d4k
(2π)4
kρ(k + p1)λ(k − p2)κ
k2(k + p1)2(k − p2)2 . (45)
The factor 2 comes from two different directions one can move in the loop6 and 1/3
is the symmetry factor. Using the conventions (8) and the fact that Cρν σ¯ν β˙δσκ
δδ˙
=
−Cρκδβ˙
δ˙
, one finds
ΓABC,α˙β˙,µ(a) = −
N
2
g3dABCdAfBfCC
ρκǫα˙γ˙σ¯µ β˙γσλγγ˙(p2)κ
×
∫
d4k
(2π)4
kρ(k + p1)λ
k2(k + p1)2(k − p2)2 . (46)
The divergent part of the integral is 1
4
δρλ
16π2
2
ǫ
. Therefore we obtain
ΓABC,α˙β˙,µ(a) =
1
8
Ng3
16π2
dABCdAfBfC ǫ
α˙β˙ Cµν(p2)ν
2
ǫ
+ finite terms. (47)
Adding the same contribution with p1 ↔ p2 to this result, the final result for the
divergent part of (1c, 2, 3) reads
(1c, 2, 3) : Γ
ABC,α˙β˙,µ
(a) =
1
8
Ng3
16π2
dABCdAfBfC ǫ
α˙β˙ Cµνqν
2
ǫ
, (48)
6Note that moving in two different directions within the loop in the diagram corresponding to
(1c, 2, 3), is equivalent to crossing the external legs of the diagram corresponding to (1, 2c, 3).
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where q = p1 + p2. Similarly the diagrams corresponding to two other situations
(1, 2c, 3) and (1, 2, 3c) can be evaluated explicitly. We find that
(1, 2c, 3) : Γ
ABC,α˙β˙,µ
(a) =
1
8
Ng3
16π2
dABCdBfAfC ǫ
α˙β˙ Cµνqν
2
ǫ
,
(1, 2, 3c) : Γ
ABC,α˙β˙,µ
(a) = −
1
2
Ng3
16π2
dABCdCfAfB ǫ
α˙β˙ Cµνqν
2
ǫ
. (49)
Let us now continue with the relevant ghost diagrams containing only one C-
deformed vertex and contributing to the three point function Aµλ¯λ¯ (see figure 4).
As in the previous case each graph includes two different situations corresponding to
the position of the new C-deformed vertex in the graph. Using the ghost Feynman
rules one can evaluate these graphs as well. The results are
(a)


(1c, 2) : Γ
ABC,α˙β˙,µ
(a) =
1
8
Ng3
16π2
dABCdAfBfC ǫ
α˙β˙ Cµνqν
2
ǫ
,
(1, 2c) : Γ
ABC,α˙β˙,µ
(a) =
1
8
Ng3
16π2
dABCdBfAfC ǫ
α˙β˙ Cµνqν
2
ǫ
,
(b)


(1c, 2) : Γ
ABC,α˙β˙,µ
(b) =
1
4
Ng3
16π2
dABCdAfBfC ǫ
α˙β˙ Cµνqν
2
ǫ
,
(1, 2c) : Γ
ABC,α˙β˙,µ
(b) =
1
4
Ng3
16π2
dABCdBfAfC ǫ
α˙β˙ Cµνqν
2
ǫ
,
(50)
Having these results in hand, we are now ready to compute the counterterms and
thereby the corresponding one-loop renormalization constant corresponding to the
deformation parameter C. In fact looking at the action we see that the Aµλ¯λ¯ term
has different U(1) and SU(N) components
i
√
2
N
gǫα˙β˙Cµν∂µA
0
νλ¯
0
α˙λ¯
0
β˙
+ i
√
2
N
gǫα˙β˙δabCµν∂µA
0
νλ¯
a
α˙λ¯
b
β˙
+ igdabcǫα˙β˙Cµν∂µA
c
νλ¯
a
α˙λ¯
b
β˙
+i
√
2
N
gǫα˙β˙δcaCµν∂µA
c
νλ¯
a
α˙λ¯
0
β˙
+ i
√
2
N
gǫα˙β˙δcbCµν∂µA
c
νλ¯
0
α˙λ¯
b
β˙
. (51)
Adding the different contributions (48), (49) and (50) from the diagrams of figure
3 and 4 corresponding to different U(1) and SU(N) couplings we arrive at the
following counterterms for the five possible combinations of ACµ − λ¯A − λ¯B in (51).
Whereas the first term including (U(1))3 coupling receives no quantum correction,
all the other counterterms can be given by
A0λ¯aλ¯b : − g
2N
16π2
2
ǫ
,
Acλ¯aλ¯0 : +
g2N
16π2
2
ǫ
,
Acλ¯0λ¯b : +
g2N
16π2
2
ǫ
,
Acλ¯aλ¯b : +
1
2
g2N
16π2
2
ǫ
. (52)
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Adding now the counterterm action to the original one and comparing the result-
ing expression with the bare action the value of one-loop perturbative correction
to C can be determined. Using the relation Cµν0 ≡ ZCCµν between the bare pa-
rameter Cµν0 and the renormalized parameter C
µν , one finds immediately from the
first uncorrected term including (U(1))3 coupling that ZC = Z
−1
g . Using further the
results from the one-loop computations of the undeformed N = 1 sector and the
C-deformed sector (52), one finds the corresponding corrections to the other terms
of the action including two or three SU(N) couplings
A0λ¯aλ¯b :
(
1− g
2N
16π2
2
ǫ
)
= Z2 ,
Acλ¯aλ¯0 :
(
1 +
g2N
16π2
2
ǫ
)
= (Z2Z3)
1/2 ,
Acλ¯0λ¯b :
(
1 +
g2N
16π2
2
ǫ
)
= (Z2Z3)
1/2 ,
Acλ¯aλ¯b :
(
1 +
1
2
g2N
16π2
2
ǫ
)
= (Z22Z3)
1/2 . (53)
Comparing again each term with the bare action, all these contributions cancel and
we are left with the conclusion that ZC = Z
−1
g for all U(1) and SU(N) couplings.
The gauge coupling renormalization constant Zg is determined from the undeformed
N = 1 sector of the theory (41). Using this result, the one-loop quantum correction
to the non(anti)commutativity parameter C reads
Cµν0 =
(
1 +
3
2
g2N
16π2
2
ǫ
)
Cµν ≡ ZCCµν . (54)
3.2.2 One-loop Correction to C2; λ¯ Four-Point Function
The non-trivial λ¯ four-point functions containing only matter fields and at most two
C-deformed vertices are depicted in figure 5. They lead to one-loop perturbative
corrections to the coupling |C|2. Explicit calculations show that the graphs (a,b,c)
are zero when their corresponding crossed graphs are taken into account. The sit-
uation is very similar to that in three-point functions mentioned in the previous
section. Therefore as far as the matter fields are concerned the corrections come
from graph (d) in figure 5. More precisely, there are two different situations for this
graph. They are given in figure 6. To evaluate the graphs in figure 6 we have to
consider different inequivalent situations for each graph depending on the position
of the new C-dependent vertex in the graph. We obtain
(1c, 2, 3c, 4) : Γ
ABCD,α˙β˙γ˙δ˙
(6a) = 0, (1, 2c, 3, 4c) : Γ
ABCD,α˙β˙γ˙δ˙
(6a) = 0,
(1c, 2, 3c, 4) : Γ
ABCD,α˙β˙γ˙δ˙
(6b) = 0, (1, 2c, 3, 4c) : Γ
ABCD,α˙β˙γ˙δ˙
(6b) = 0 . (55)
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The remaining nonzero graphs are all equal. For instance, using the Feynman rules
from (16)-(21), the Feynman integral corresponding to the (1c, 2c, 3, 4) situation is
given by
(1c, 2c, 3, 4) : Γ
ABCD,α˙β˙γ˙δ˙
(a) =
9
4
g4 dIAJdJBKfKCLfLDI CλµCµ
ρ(σ¯νσχǫ)δ˙α˙(σ¯νσ
κǫ)γ˙β˙
×
∫
d4k
(2π)4
kλkρ(k + p2)κ(k − p1)χ
k2(k − p1)2(k + p2)2(k − p1 − p4)2 . (56)
Taking into account all the symmetry factors and summing over all different config-
urations, the divergent part of the above expression is given by
ΓABCD,α˙β˙γ˙δ˙ = − 1
16π2
(
8× 4× 2
4!
)(
9
8
)C2g4ǫα˙β˙ǫγ˙δ˙dIAJdJBKfKCLfLDI
2
ǫ
. (57)
In particular, for the situation where two of λ¯’s carry U(1) index and the others
SU(N) index the above expression reads
Γab00,α˙β˙γ˙δ˙ =
3
8π2
C2g4ǫα˙β˙ǫγ˙δ˙δab
2
ǫ
. (58)
This is the one-loop correction to 1
4N
g2|C|2ǫα˙β˙ǫγ˙δ˙δabλ¯0λ¯0λ¯aλ¯b term in the action
arising from the matter fields in (U(1))2 × (SU(N))2 combination.
Now what concerns the ghost field contributions to the λ¯ four-point function,
explicit calculations show that all diagrams depicted in figure 7, containing two C-
deformed vertices vanish due to the antisymmetry property of Cµν two-form, and
therefore (58) is the only one-loop correction to the λ¯ four-point function for the
(U(1))2 × (SU(N))2 coupling. To determine the corresponding correction to the
action (counterterm), a factor −1/24 must be multiplied with the above λ¯ four-
point correction (58). This factor arises from 24 different contractions which are
to be performed to obtain the four λ¯ interaction vertex. Equivalently, the above
correction (58) can be compared with the four λ¯ vertex and leads to the counterterm
to λ¯4 part of the action.
Next adding the part of the original and the counterterm action containing
λ¯0λ¯0λ¯aλ¯b and comparing the resulting expression with the bare action containing
the same λ¯ combination, we conclude that ZC2 = Z
−2
g . Using further the one-loop
results from previous section ZC = Z
−1
g , we arrive at the conclusion that
ZC2 = Z
2
C . (59)
This results was also suggested in [32], where it was supposed to be correct in all
order of perturbation theory due to some consistency arguments. Using the value
of Zg from (41) we arrive at
C20 =
(
1 + 3
g2N
16π2
2
ǫ
)
C2 ≡ ZC2C2 . (60)
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4 Running Cµν and C2
As next it is interesting to study the running of the non(anti)commutativity pa-
rameter Cµν and the related |C|2 with the renormalization scale µ. Let us consider
the bare three-point function Γ0Aλ¯λ¯ consisting of one gauge and two λ¯ fermion fields.
The Callan-Symanzik differential equation for the corresponding renormalized three-
point function, ΓRAλ¯λ¯, can be given using the fact that the bare three-point function,
Γ0Aλ¯λ¯, is independent of the renormalization scale µ. In other words, one has
Γ0Aλ¯λ¯ = Z
−1/2
3 Z
−1
2 Γ
R(pi, g(µ), C
µν(µ);µ), µ
d
dµ
Γ0Aλ¯λ¯ = 0 , (61)
which leads to the following differential equation for the renormalized three-point
function ΓRAλ¯λ¯(
µ
∂
∂µ
lnZ
−1/2
3 + 2µ
∂
∂µ
lnZ
−1/2
2 + µ
∂
∂µ
+ β(g)
∂
∂g
+ Cµν γC(g)
∂
∂Cµν
)
ΓRAλ¯λ¯ = 0 .(62)
Here β(g) is the ordinary β-function of the theory (42) and γC is defined by
CµνγC(g) ≡ µ ∂
∂µ
Cµν(µ) . (63)
To see how the non(anti)commutativity parameter Cµν runs with the renormaliza-
tion scale µ, it is useful to find a general expression for γC in terms of ZC . Using
(54) we arrive at
CµνγC(g) = µ
∂
∂µ
(
Z−1C
)
Cµν0 = C
µνZC µ
∂
∂µ
Z−1C , (64)
which means that
γC = −µ ∂
∂µ
lnZC = −β(g) ∂
∂g
lnZC . (65)
Using our previous results for ZC , we obtain
γC = +
3Ng2
16π2
. (66)
It is now easy to solve this equation and study the behavior of non(anti)commu-
tativity parameter in terms of the scale µ. Indeed, using the fact that the gauge
coupling runs as g2(µ) = 8π
2
3N ln(µ/ΛU(N))
, with ΛU(N) = µ0 e
− 8pi2
3Ng2(µ0)
7, we get
ln
Cµν(µ)
Cµν(µ0)
=
1
2
µ∫
µ0
dµ
µ ln µ
ΛU(N)
= ln
(
ln(µ/ΛU(N))
ln(µ0/ΛU(N))
)1/2
, (67)
7We note that ΛU(N) is RG invariant, i.e. ΛU(N) = µ0e
−
8pi2
3Ng2(µ0) = µe
−
8pi2
3Ng2(µ) .
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which leads to
Cµν(µ)g(µ) = Cµν(µ0)g(µ0) . (68)
We arrive therefore at
C2(µ)g2(µ) = C2(µ0)g
2(µ0) = const . (69)
Alternatively, the same relation can be obtained by looking for an appropriate
Callan-Symanzik for the renormalized λ¯ four-point function of the theory and solv-
ing the equation for running C2(µ) using the fact that ZC2 = (ZC)
2. This leads to
γC2 = 2γC and consequently the same result from (69) can be obtained.
An immediate consequence of the equation (69) is that another RG invariant,
ΛC , can be defined which is related to C
2 at a fixed energy and can be expressed as
a function of the well-known RG invariant ΛU(N)
ΛC =
1
C2(µ0)
ln
(
µ0
ΛU(N)
)
=
1
C2(µ)
ln
(
µ
ΛU(N)
)
. (70)
One can show that ΛC is always positive for µ0 ≫ ΛU(N)8. This means that C2
grows linearly with ln(µ/ΛU(N)) with the slope Λ
−1
C . Using further the fact that the
running coupling g2(µ) = 8π
2
3N ln(µ/ΛU(N))
, we obtain
C2(µ)g2(µ) =
8π2
3NΛC
≡ η2 = const. (71)
Due to the positivity of ΛU(N), the constant η is always positive. In fact η is the
value of the gauge coupling at the energy where the running coupling constant and
non(anti)commutativity parameter have the same value. If we plot C2 and g2 in one
and the same diagram as a function of lnµ, both curves intersect at one point, say
µc, and we obtain g(µc) = η.
5 Conclusion
We have studied perturbative corrections to pure N = 1
2
supersymmetric U(N)
gauge theory at one loop order. We have used the fact that the corresponding ac-
tion to this theory can be separated into two parts: the first part preserves standard
N = 1 supersymmetry and the second part is the C-deformed part and breaks the
supersymmetry to N = 1
2
. We have shown that N = 1 part does not receive any
C-dependent corrections and can therefore be treated as the standard N = 1 su-
persymmetric U(N) gauge theory. Explicit one-loop calculation of Aλ¯λ¯ three-point
8We do not consider the case where µ0 = ΛU(N), because in this case g(µ0 = ΛU(N))→∞, and
this would break our perturbative considerations. Further the case µ0 < ΛU(N) would end up with
an imaginary gauge coupling and this breaks the unitarity of the theory.
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function and λ¯ four-point function show however that the non(anti)commutativity
parameter Cµν and C2 receive one-loop corrections. As a result we have ZC = Z
−1
g
with Zg the standard gauge coupling renormalization constant and consequently
Z2C = (ZC)
2 = 1 + 3
Ng2
16π
2
ǫ
. (72)
Using this correction we found the running of the non(anti)commutativity parameter
as a function of the renormalization scale µ
C2(µ) =
1
ΛC
ln(
µ
µ0
) + C2(µ0) . (73)
where ΛC is the new RG invariant scale.
Finally we note that since the N = 1 sector of the theory remains unaffected by
the C-deformation, the standard anomaly of the theory would be the same as before.
Nevertheless one would expect to get a C-dependent corrections for those anomalies
which whole supersymmetry of the theory (N = 1/2) is involved. In particular the
Konishi anomaly can also be studied along [41] (see also [16])[42].
Acknowledgements
We would like to thank Farhad Ardalan, Hessam Arfaei and Amir Mosaffa for useful
comments. Special thanks to Shahrokh Parvizi for useful discussions.
15
6 Figures
λ¯Aα˙ λ¯
B
β˙
Figure 1
λ¯Aα˙
λ¯B
β˙
ACµ
(a)
λ¯Aα˙
λ¯B
β˙
ACµ
(b)
λ¯Aα˙
λ¯B
β˙
ACµ
(c)
λ¯Aα˙
ACµ
λ¯B
β˙
(d)
Figure 2
λ¯Aα˙
λ¯B
β˙
ACµ
3
1
2
Figure 3
16
λ¯Aα˙
λ¯B
β˙
ACµ
(a)
2
1
λ¯Aα˙
λ¯B
β˙
ACµ
(b)
2
1
Figure 4
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(a)
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(b)
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(c)
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(d)
Figure 5
1 4
2 3
λ¯Aα˙
λ¯B
β˙
λ¯D
δ˙
λ¯Cγ˙
(a)
1 4
2 3
λ¯Aα˙ λ¯
D
δ˙
λ¯B
β˙ λ¯
C
γ˙
(b)
Figure 6
17
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(a)
λ¯Aα˙
λ¯B
β˙
λ¯Cγ˙
λ¯D
δ˙
(b)
λ¯Aα˙ λ¯
B
β˙
λ¯Cγ˙ λ¯
D
δ˙
(c)
Figure 7
18
References
[1] A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and
matrix theory: Compactification on tori,” JHEP 9802, 003 (1998) [arXiv:hep-
th/9711162].
[2] N. Seiberg and E. Witten, “String theory and noncommutative geometry,”
JHEP 9909, 032 (1999) [arXiv:hep-th/9908142].
[3] M. R. Douglas and C. M. Hull, “D-branes and the noncommutative torus,”
JHEP 9802, 008 (1998) [arXiv:hep-th/9711165].
[4] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, “Noncommutative geometry
from strings and branes,” JHEP 9902, 016 (1999) [arXiv:hep-th/9810072].
[5] C. S. Chu and P. M. Ho, “Noncommutative open string and D-brane,” Nucl.
Phys. B 550, 151 (1999) [arXiv:hep-th/9812219].
[6] V. Schomerus, “D-branes and deformation quantization,” JHEP 9906, 030
(1999) [arXiv:hep-th/9903205].
[7] H. Ooguri and C. Vafa, “The C-deformation of gluino and non-planar dia-
grams,” arXiv:hep-th/0302109.
[8] H. Ooguri and C. Vafa, “Gravity induced C-deformation,” arXiv:hep-
th/0303063.
[9] N. Seiberg, “Noncommutative superspace, N = 1/2 supersymmetry, field the-
ory and string theory,” JHEP 0306, 010 (2003) [arXiv:hep-th/0305248].
[10] R. Casalbuoni, “On The Quantization Of Systems With Anticommutating Vari-
ables,” Nuovo Cim. A 33, 115 (1976).
[11] J. H. Schwarz and P. Van Nieuwenhuizen, “Speculations Concerning A
Fermionic Substructure Of Space-Time,” Lett. Nuovo Cim. 34, 21 (1982).
[12] S. Ferrara and M. A. Lledo, “Some aspects of deformations of supersymmetric
field theories,” JHEP 0005, 008 (2000) [arXiv:hep-th/0002084].
[13] D. Klemm, S. Penati and L. Tamassia, “Non(anti)commutative superspace,”
Class. Quant. Grav. 20, 2905 (2003) [arXiv:hep-th/0104190].
[14] R. Abbaspur, “Generalized noncommutative supersymmetry from a new gauge
symmetry,” arXiv:hep-th/0206170.
[15] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, “Non-commutative super-
space from string theory,” arXiv:hep-th/0302078.
19
[16] H. Kawai, T. Kuroki and T. Morita, “Dijkgraaf-Vafa theory as large-N reduc-
tion,” Nucl. Phys. B 664, 185 (2003) [arXiv:hep-th/0303210].
[17] I. Chepelev and C. Ciocarlie, “A path integral approach to noncommutative
superspace,” JHEP 0306, 031 (2003) [arXiv:hep-th/0304118].
[18] J. R. David, E. Gava and K. S. Narain, “Konishi anomaly approach to gravi-
tational F-terms,” arXiv:hep-th/0304227.
[19] L. F. Alday, M. Cirafici, J. R. David, E. Gava and K. S. Narain, “Gravitational
F-terms through anomaly equations and deformed chiral rings,” arXiv:hep-
th/0305217.
[20] L. Cornalba, M. S. Costa and R. Schiappa, “D-brane dynamics in con-
stant Ramond-Ramond potentials and noncommutative geometry,” arXiv:hep-
th/0209164.
[21] R. Britto, B. Feng and S. J. Rey, “Deformed superspace, N = 1/2 supersymme-
try and (non)renormalization theorems,” JHEP 0307, 067 (2003) [arXiv:hep-
th/0306215].
[22] N. Berkovits and N. Seiberg, “Superstrings in graviphoton background and
N = 1/2 + 3/2 supersymmetry,” arXiv:hep-th/0306226.
[23] S. Terashima and J. T. Yee, “Comments on noncommutative superspace,”
arXiv:hep-th/0306237.
[24] M. Hatsuda, S. Iso and H. Umetsu, “Noncommutative superspace, supermatrix
and lowest Landau level,” arXiv:hep-th/0306251.
[25] S. Ferrara, M. A. Lledo and O. Macia, “Supersymmetry in noncommutative
superspaces,” arXiv:hep-th/0307039.
[26] T. Araki, K. Ito and A. Ohtsuka, “Supersymmetric gauge theories on noncom-
mutative superspace,” arXiv:hep-th/0307076.
[27] R. Britto, B. Feng and S. J. Rey, “Non(anti)commutative superspace,
UV/IR mixing and open Wilson lines,” JHEP 0308, 001 (2003) [arXiv:hep-
th/0307091].
[28] M. T. Grisaru, S. Penati and A. Romagnoni, “Two-loop renormalization for
nonanticommutative N = 1/2 supersymmetric WZ model,” JHEP 0308, 003
(2003) [arXiv:hep-th/0307099].
[29] R. Britto and B. Feng, “N = 1/2 Wess-Zumino model is renormalizable,”
arXiv:hep-th/0307165.
20
[30] A. Romagnoni, “Renormalizability of N = 1/2 Wess-Zumino model in super-
space,” arXiv:hep-th/0307209.
[31] M. Chaichian and A. Kobakhidze, “Deformed N = 1 supersymmetry,”
arXiv:hep-th/0307243.
[32] O. Lunin and S. J. Rey, “Renormalizability of non(anti)commutative gauge
theories with N = 1/2 supersymmetry,” arXiv:hep-th/0307275.
[33] E. Ivanov, O. Lechtenfeld and B. Zupnik, “Nilpotent deformations of N = 2
superspace,” arXiv:hep-th/0308012.
[34] S. Ferrara and E. Sokatchev, “Non-anticommutative N = 2 super-Yang-Mills
theory with singlet deformation,” arXiv:hep-th/0308021.
[35] D. Berenstein and S. J. Rey, “Wilsonian proof for renormalizability of N = 1/2
supersymmetric field theories,” arXiv:hep-th/0308049.
[36] R. Abbaspur, “Scalar solitons in non(anti)commutative superspace,” arXiv:hep-
th/0308050.
[37] A. Imaanpur, “On instantons and zero modes of N = 1/2 SYM theory,”
arXiv:hep-th/0308171.
[38] A. Armoni, “Comments on perturbative dynamics of non-commutative Yang-
Mills theory,” Nucl. Phys. B 593, 229 (2001) [arXiv:hep-th/0005208].
[39] L. Bonora and M. Salizzoni, “Renormalization of noncommutative U(N) gauge
theories,” Phys. Lett. B 504, 80 (2001) [arXiv:hep-th/0011088].
[40] P. West, “Introduction to supersymmetry and supergravity,” World Scientific
(1986).
[41] F. Ardalan and N. Sadooghi, “Planar and nonplanar Konishi anomalies and
exact Wilsonian effective superpotential for noncommutative N = 1 supersym-
metric U(1),” [arXiv:hep-th/0307155].
[42] N. Sadooghi, work in progress.
21
